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Syllabus 

Linear versus nonlinear behavior of polymers. 

 

Shear thinning  

 

How to obtain data in simple shear flow 

 

Polymers in simple steady shear flow. 

 

Other types of shear deformation. 
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Linear vs Nonlinear behavior 
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Rate of deformation*Relaxation time    

(i.e. shear rate.fluid time scale) Pipkin (1972) 3 



Linear regime for polymers 

Terminal 
relaxation 

Van Ruymbeke et al., Rheol.Reviews (2008) 

1

t 0

Monodisperse polybutadiene melt  
Mw=99060 g/mol at 40oC  

Pseudo-rubbery  
plateau 

Oscillations at certain strain γ 
and frequency (and T). 

 

What strain do we choose??? 

Dynamic Strain Sweep  
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Linear vs Nonlinear behavior 

Linear measurements:  Apply deformation (or stress)  to probe structure,  
  not to influence/change structure. 

  Structure independent of applied deformation  

 

Nonlinear deformation (or stress)  affects structure. 

  Type of deformation. 

  Deformation history. 

5 Strain or stress control    (here strain) 



Polymers under nonlinear deformation 

• Linear behavior = reptation, CLF, constraint release 

• Orientation of the tube segments  (rate > terminal relaxation) 

• Stretch of the chain (rate > Rouse time) 

 

 

 

• Effects of flow-field:  Convective constraint release (CCR) 
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curvilinear tension at its centre than the equilibrium tension feq stil l applied to its

ends by their entropic exploration of the surrounding entanglement network. So the

chain retracts back along the deformed tube unti l its curvilinear tension returns to

equilibrium, which will be achieved when it regains its equilibrium contour length.

This process happens much faster than reptation for Z ¾ 1 because no di usion of

the centre of mass of the molecule is required. Instead the retraction dynamics take

the form of forced (rather than stochastic) curvilinear Rouse motion so the contour

length relaxation follows the Rouse form L ¹ t
¡ 1=2 cut-o at the Rouse time ½R.

We now use this to calculate the stress in the melt after the retraction has

occurred. In fact this process was implicit in our calculation of the internal chain

distribution of equation (113). When summing over entanglement strands to

calculate the stress, we saw that the length of an entanglement strand is increased

by a factor j · uj where u is the unit vector along the strand and the strain tensor .

The other modi®cation is to the concentration of entanglement strands. The

retraction process means that the same proportion of original entanglement strands

are lost as the length retracted, so the concentration of elastic segments is reduced

along each chain by the factor hj · uji ¡ 1
. Note that this approach requires a pre-

average of segment orientations u along each chain. We may do this because a well

entangled chain samples democraticall y from all orientations in its tube segments.

However, the rate at which this self-averaging is attained with Z has yet to be

assessed critical ly (see section 6.1 below). On average, the increased primitive path

length hj · uj i is then positive de®nite and grows (in shear) as ®2, so the retraction

mode is only activated in nonlinear deformations. With this in mind we recall that

the ®nal result for the stress-tensor is

ó ˆ
Ne

feq DE…† where DE…†ˆ 1
hj · uj i

… · u†…· u†

j · uj

½ ¾

: …154†

The averages may be written in spherical polar coordinates as angular integrals,

which are simple to evaluate numerically, and in some cases have analyti c forms.

5.1.1. Step-strain: properties of the -tensor and consequences

In the two classic viscometric deformations of simple shear and extension, the

appropriate component s of …† have very di erent behaviour . For small shear

strains ®, the shear stress depends on the component Qxy, which has the linear

asymptoti c form 4
5®. This prefactor is the result of the loss of 1/5 of the a ne stress

by CLF redistributions of chain. For large strains, however, Qxy ¹ ®
¡ 1, and

therefore predicts strong shear thinning. Physicall y this comes from the en-

tanglement loss on retraction and the alignment of the remaining tube segments

into the plane of the shearÐ away from the `x±y’ direction in which they contribut e

Tube theory of entangled polymer dynamics 1485

Figure 39. The nonlinear process of chain retraction within the tube model. Segments of
a nely deformed tube are rapidly vacated (shaded) via internal Rouse modes as the
chain regains a primitive path length of Leq.

Wi 
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Marrucci 
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How to obtain data on polymers in simple shear flow? 

V1(x1) = f(x2) 
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Sliding plate rheometer 

   

 

Ideal flow field but not commercially available (only home-made setups).  Not 
on rotational rheometer. 

 

Instabilities are a problem. 

Simple shear flow 

8 



Cone and plate   

• Readily commercially available for rotational rheometers 

• In principle ideal simple shear flow 

• Prone to instabilities  (i.e. slip, edge fracture) 

• Ok for not too elastic samples at low rates 
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Parallel  plates  
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Good for LVE 

Careful with NLVE: shear rate is not constant 



Concentric cylinders (Couette) 
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Best for low-viscosity fluids 



Shear measurements: fracture & slip  
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Shear measurements: fracture & slip  
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Shear measurements: fracture & slip  

(b)(a)

(d)(c)
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Reduce / eliminate fracture ? 

Hemingway, Fielding et al. PRL  2017 15 
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Measurements with Cone-partitioned plate (CPP) geometry 

Fracture does not 
influence 

measurement 
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CPP and edge fracture 

Costanzo et al., Macromolecules 2016 17 



Sample handling 

Tg is a determining factor  
18 



LVE scaling 
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Start-up and relaxation in simple shear 

Time [s]
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No steady state shear banding    
Undershoot at large shear rates Costanzo et al., Macromolecules 2016 
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PI Star 8 arms (55k)
T=40°C

time [s]
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Start-up and relaxation in simple shear 

Time [s]
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PS285k-2k-47 @ 140°C 

No steady state shear banding    
Undershoot at large shear rates Costanzo et al., Macromolecules 2016 
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Nonlinear Start-up shear flow: scaling 
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No difference between PS melts and solutions with the same Z   
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Steady shear flow  
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Thinning slope: -0.82 

Cao and Likhtman, ACS Macro Lett. 2015 

Kröger and Hess, PRL 2000 
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Ravindranath and Wang, J. Rheol. 2008 
Schweizer et al., J. Rheol. 2004 
Snijkers and DV, J. Rheol. 2011 
Costanzo et al., Macromolecules 2016 

Peak strain: scaling 

GLaMM: Graham et al., J. Rheol. 2003   (1) 
K. S. Schweizer (2015) :  retraction + internal force (1/3) 
Cao and Likhtman , ACS Macro Lett. 2015  (1/3) 
Auhl et al., J. Rheol. 2008     
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[Linear melt but  

not monodisperse] 

27 



Molecular modeling (Ianniruberto+Marrucci)  

Tumbling function in shear 

Friction reduction in elongation 

  
Costanzo et al., Macromolecules 2016 
Ianniruberto , Macromolecules 2015 

𝝈 𝑡 = 𝐶𝑄𝜆
2 𝑡
𝑓 𝜆

𝑓0
 𝐺𝑖𝑺𝑖  

Decoupling stretch and orientation 

Stretch ratio 

Sefiddashti et al., J. Rheol. 2015 

28 



10
-3

10
-2

10
-1

10
0

10
1

10
2

10
3

10
4

10
-1

10
0

10
1

10
2

10
3

10
4

10
5

10
6

 

 

 rate=0.01

 rate=0.0178

 rate=0.0316

 rate=0.0562

 rate=0.1

 rate=0.178

 rate=0.316

 rate=0.562

 rate=1

 rate=1.78

 rate=3.16

 rate=5.62

 rate=10

 rate=17.8

 rate=31.6

 rate=56.2
T

ref
=180

o
C

t [s]


+
[

P
a

 s
]

PS541k

(tests: C. Pyromali) 
29 

Careful:  possible issues with data  
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Careful:  possible issues with data  
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P. D. Olmstead 

S. Fielding 
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Olmstead, Rheol. Acta 2008 
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Careful:  possible issues with data  



Higher rates  

• Why do we need high rates?    [Wit > 103] 

 

• Above setups:  Roughly ideal flow fields, but limited in rate, mainly due to 
instabilities especially for highly elastic samples but also due to technical 
limitations. 

• How to reach higher rates? 
• Mooney viscometer 
• Capillary rheometer 

   Less ideal shear field...  Hence more data analysis   
 needed which includes sometimes dubious      
 assumptions. 

32 



Mooney viscometer 

• Biconical shape 

• Closed chamber 

• Under pressure  ( less instabilities) 

• Typical for rubber testing  (mainly industry) 33 
Macosko 1994 



Capillary rheometry 

• Poiseuille flow (not simple shear) – parabolic profile 

• Entrance and exit effects  (Bagley) 

• Very high rates 

• Pressure effects 

• Only steady properties 

• Also possible instabilities 

34 Macosko 1994 



shear rate log D 

sh
ea

r 
st

re
ss

 l
o
g
   

I II III IV V 

smooth 
sharkskin 

pressure 
oscillations 

superflow gross melt 
fracture 

branch 2 

branch 1 

Examples of melt fracture for an HDPE 

Source: H. Münstedt, Erlangen 

2
5
 

m
m

 

7 mm 

5
 m

m
 

2.5 mm 

(D. Auhl) 



Example: Linear PS, MW = 300K, PDI = 1.8 

Ferri and Lomellini, JOR (1999) 

Higher rates with capillary rheometer 
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Behavior of polymers in simple steady shear flow 

 

Basic observations 

37 



Data on M effect in melts Observation 1:  Polymers are shear-thinning 

242 kg/mol 

217 kg/mol 

179 kg/mol 

117 kg/mol 

48.5 kg/mol 
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INDEPENDENT OF MW 
         (for entangled polymers) 

??? 

          (…roughly…  -0.9x) 

Convective constraint release    

Marrucci, JNNFM (1996) ; ; Ianniruberto JoR 2016 

Ianniruberto + Marrucci JoR 2015 

IDEALIZED VIEW 

 

Transition region 

-1  
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Observation 1:  Polymers are shear-thinning 

PS 182k: Linear, monodisperse PS  

 (Mw=182kg/mol, PDI < 1.1)  

N2380: Linear, polydisperse PS 

 (Mw=275kg/mol, PDI < 2.1) 

N2987: Linear, polydisperse PS  

 (Mw=124kg/mol, PDI < 1.9) 

Observation 3:  Higher levels of polydispersity  less thinning.   

Observation 2:  Linear polymers obey the empirical Cox-Merz rule   

.
)()( *

.







Cox-Merz (1958) rule: 

 
= g

.

.t
0
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SAMPLE MTOT MBB MBr q 

PS c612 477 275 6.5 31 

PS c622 626 275 11.7 30 

PS c632 918 275 25.7 25 

PS c642 1640 275 47 29 

Observation 4:  Like polydispersity, also branching decreases thinning (and leads 

     to failure of Cox-Merz rule). 

Snijkers, DV, Rheol. Acta 2014 
41 



Normal stresses in polymers

Karl Weissenberg, 1945

Observation 5:  Polymers exhibit normal forces   

42 



Extrudate swell Rod climbing (Weissenberg) 
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Observation 5:  Polymers exhibit normal forces   

Bird et al. DPL vol.1,  Wiley 1987 ;  Laun, JNNFM  (1978) 

    = First normal stress coefficient [Pa.s2] 

N1 = First normal stress [Pa] 

y1

y1 =
N1

g
.

2 

Same for N2 

Monodisperse PS 200kg/mol  ;   Schweizer et al., JOR (2004) 

N2<0 for polymer melts 
 
N2 << N1 
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What about monodisperse linear polymers?      Doi-Edwards 
 

 1.         σ and N1 increase monotonically  to SS 

 

 2.     Max in σ at γ = 2.3 

      N1 monotonic   (DE  tube orientation) 

 

 3.     Max in σ shifts to higher γ         Asymptote: 

      Max in N1 appears   (DE  chain stretch) 
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Tanner, Rheol. Acta 1974 
Schweizer, Rheol. Acta 2002 

Measure N1 and N2  
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Schweizer, Rheol. Acta 2002 

N1 and N2 from separate shear measurements with CPP 

Fixed inner partition/Different external diameters 
(n measurements with fixed CPP2) 

CPP: initial shape of sample (edge) matters   (Schweizer, Denn, Fielding) 

Experimental limitations (multiple measurements  for a single shear rate) 

21
22 2

ln
NN

r



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Alternative (and better) ways to measure N1 and N2 

Schweizer and Schmidheiny, JoR 2013 

CPP: initial shape of sample (edge) matters   (Schweizer, Denn, Fielding) 

Fixed external diameter/Two different inner radii  
(single measurement  with double CPP) 

48 

Fixed external diameter/Two different inner radii  
(two measurements with two CPPs): 

Costanzo, Ianniruberto, Marrucci, DV, Rheol. Acta 2018 



Modular CPP:  N1 and N2 from two shear measurements 

Fixed external diameter/Two different inner radii  
(two measurements with CPP2): 

1
1 1 22

1 1
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2( 2 ) lnapp

F R
N N N N
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Costanzo et al., Rheol. Acta 2018 
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Summary of the results: (a) PS200k-2k-50 ; (b) PS545k-2k-70 

40RWi 
Costanzo et al., Rheol. Acta 2018 
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Sudden imposition of a fixed strain at t=0   

Monitor the stress upon relaxation at t>0 

 

Cone and plate  
 

 

 

 

Time-Strain Separability 
 

At long times: 

 

 

  h(γ):  Damping function  

 

G(t,g) =G(t).h(g)

Kirkwood et al., Macromolecules (2009) 
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Behavior of polymers in step-strain shear 
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Kirkwood et al., Macromolecules (2009) 

G(t,g) =G(t).h(g)

At long times: 

 
 

  h(γ):  Damping function  

t
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  h(γ):  Damping function  

 

Theory for linear, monodisperse  

polymers (Doi-Edwards): 

 

 

 

 

Polydisperse linear polymers 

have identical h(γ); IF molar  

mass of “all components” is  

high enough   

 

Ye and Sridhar, Macromolecules (2005) 

 

 

 

 

 

 

 

G(t,g) =G(t).h(g)

h(g ) =
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1+
4

15
g 2
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Kirkwood et al., Macromolecules (2009) 

γ 

BRANCHING LEADS TO A 

WEAKER DAMPING 

BEHAVIOR 
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Large amplitude oscillatory shear (LAOS) 
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Steady vs oscillatory shear: 
Which one is a better (more straightforward)  
probe of (i) LVE and (ii) NLVE ? 



LAOS and MAOS with polymers (and other soft matter systems): 
 

Dealy, Giacomin  

(sliding plate rheometry) 

 

 

Recent advances: 

 
R. Ewoldt, S. Rogers, Univ. of Illinois @ Urbana-Champaign 
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